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We study the σ meson in QCD sum rules using a two quark interpolating field with derivatives.
In the constituent quark model, the σ meson is composed of a quark and an antiquark in the relative
p-wave state and is thus expected to have a larger overlap with an interpolating field that measures
the derivative of the relative quark wave function. While the sum rule with a current without
derivative gives a pole mass of around 1 GeV, the present sum rule with derivative current gives a
mass of around 550 MeV and a width of 400 MeV, that could be identified with the σ meson.
PACS numbers: 12.38.Lg,11.55.Hx,14.40.Cs
The existence of the light scalar meson or σ(600) had
been controversial for a long time despite of its impor-
tant role in chiral dynamics in QCD physics [1, 2]. It is
only recently that the existence has been confirmed [3, 4],
through the careful reanalyses of the pi-pi scattering phase
shift[5], and the findings of the σ pole in the heavy parti-
cle decays such as D → pipipi and Υ(3S)→ Υpipi [6, 7, 8].
On the other hand, the physical content of the σ meson
is still controversial [9]. In addition to the usual picture
of a qq¯ state, there are several plausible candidates like a
four quark state qqq¯q¯ [10, 11] and a pipi molecule, which
can be mixed with a glueball. Also, the σ meson may be
a collective qq¯ states just as the pi is, due to the chiral
symmetry [12]. Hence, it is important to confirm the
existence of the σ meson, and to investigate its nature
on the basis of QCD.
In lattice QCD [13], most of the calculations using a
two quark interpolating field seem to predict the ground
state mass of scalar particle in the isospin 1 channel to
be above 1.3 GeV [14, 15, 16, 17, 18], while some pre-
dict it to be around 1 GeV [19, 20]. In contrast, most
lattice calculations based on a four quark interpolating
field consistently predict the mass to be around 1 GeV
for the f0, a0 [16, 21] and around 600 MeV for the σ [17].
The existence of the σ with a two quark interpolating
field was confirmed in a full QCD simulation for the first
time in Ref. [23]. It was argued that the disconnected
diagram is crucially responsible for reducing the σ me-
son mass to that comparable to the ρ meson mass for the
lightest current quark mass achieved in the simulation.
It is expected that if extrapolated to the chiral limit, the
σ meson mass would be such as mpi < mσ < mρ. On the
other hand, for the κ, where no disconnected diagram
contributes when a two quark interpolating field is used,
the calculated mass was about two times that of the K∗
[22]. These results suggest that the σ might have a very
different quark structure than the rest of the scalar nonet.
In this paper, we will study the σ meson in QCD
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sum rules, which is another first principle approach to
QCD [24]. The first QCD sum rule attempt was made
in Ref. [25] with the usual two quark interpolating field
∼ u¯u(x) + d¯d(x); a local operator. Assuming the de-
cay width to be zero, the calculated mass was found
to be degenerate with its isospin 1 partner and around
mσ = 1.00± 0.03 GeV, which is too large to be identify
as the σ meson. On the other hand, recent works using
four quark interpolating fields [26, 27, 28, 29, 30] seem
to give a mass closer to that of the physical σ.
Our idea in this work is to observe that in a non-
relativistic quark model, the quark and anti-quark in the
σ meson are in the relative p-wave state, as can be de-
duced from its quantum number JPC = 0++. The rel-
ative wave-function has a node and a finite slope at the
origin. Therefore, it is expected that the q¯q operator
with additional covariant derivative would have a larger
overlap with the physical σ state [31, 32, 33]. Thus we
employ a two quark interpolating with derivatives, which
will be called the non-local operator,
On(x) ≡ 1√
2
{
u¯
(
iz · ←→D
)n
u(x) + d¯
(
iz · ←→D
)n
d(x)
}
.
(1)
Here,
←→
iD = iD + (iD)†, Dµ = ∂µ − igAµ is the covariant
derivative and zµ is a four-vector such that z
2 = −1 in
order to probe the wave-function in the space-like direc-
tion. We note that for n = 0, it corresponds to the local
operator. Of course, the quark operator in the interpolat-
ing field is that of a relativistic current quark. Therefore,
the current can still couple to the scalar meson that in
the non relativistic limit is a p-wave state. Neverthe-
less, we hope to increase the overlap with the physical
σ by employing an interpolating field that has the ex-
pected non relativistic limit. Such interpolating currents
with derivatives were previously used successfully to in-
vestigate the p-wave nucleon excited states [32, 33]. This
choice of interpolating field would also be a natural choice
in the lattice calculation, where the quark masses are still
much larger than the physical limit.
Let us start by considering the following time-ordered
two-point correlation function
Tn0(q
2, z · q, z2) = i
∫
d4xeiq·x〈0|TOn(x)O0(0)|0〉. (2)
2The correlation function will couple to the scalar meson
when n is even. If n is too large, the correlation will be
dominated by the continuum contribution. Therefore,
the optimal choice for our analysis is n = 2. For n =
2, the operator product expansion up to dimension 6 is
calculated to be
T20(q
2, z · q, z2)
=z2
[
1
8pi2
q4 ln
(
− q
2
µ2
)
+
1
4
ln
(
− q
2
µ2
)〈αs
pi
G2
〉
−16pi
81
1
q2
〈√αsu¯u〉2
]
+(z · q)2
[
− 1
8pi2
q2 ln
(
− q
2
µ2
)
− 5
24
1
q2
〈αs
pi
G2
〉
−272pi
81
1
q4
〈√αsu¯u〉2
]
. (3)
Note that we have calculated the OPE up to dimension 6
operator. It is important to calculate the OPE up to the
so called quark tree diagram contributions when calculat-
ing the OPE of current-current correlation function. This
is so because purely gluonic operators are suppressed by
loop effect that are typically suppressed by 1/4pi, and
higher order quark operators are suppressed by the ad-
ditional factors of αs. This means that when calculating
meson correlation function with multiple quark currents,
the OPE should be investigated up to quark operators
with quark number equal to 2 times that appearing in
the current. In our case, since our current involves two
quark operators, the minimal quark operator that has to
be considered is the four quark operator of dimension 6.
Picking up terms proportional to z2, subtracting out
the continuum contribution that start from the threshold
s0, and then performing the Borel transformation, leads
to the following expression.
Π0(M
2) = − 1
4pi2
M6E2(s0/M
2)− 1
4
M2E0(s0/M
2)G0
+
16pi
81
〈√αsq¯q〉2, (4)
where M is the Borel mass, and
En(x) = 1− e−x
n∑
m=0
xm
m!
. (5)
The theoretical side or the total OPE[24], is defined as
Eq.(4) with s0 → ∞. The sum rule for the σ is ob-
tained by equating Eq.(4) to the spectral density below
the threshold s0, which is dominated by the σ, through
the Borel transformed dispersion relation.
Π0(M
2) =
1
pi
∫ ∞
0
ds e−s/M
2
ImΠσ0 (s). (6)
For the spectral density coming from the σ, we include
a finite width by employing a simple Breit-Wigner form.
Namely,
ImΠσ0 =
fΓ
√
s
(s−m2σ)2 + sΓ2
. (7)
Here, f is the overlap constant of the current with the
physical σ. The right hand side of Eq.(6) with Eq.(7)
will be denoted as Πσ0 (M
2).
The QCD sum rule for the width and mass of the σ
is obtained by taking the ratio of the Eq.(6) with its
derivative with respect to the Borel mass.
M2
Πσ1 (M
2;mσ,Γ)
Πσ0 (M
2;mσ,Γ)
=M2
Π1(M
2; s0)
Π0(M2; s0)
, (8)
where
Π1(M
2; s0) ≡M2 dΠ0
dM2
= − 3
4pi2
M6E3(s0/M
2) +
1
4
M2E1G0, (9)
and Πσ1 (M
2) =M2
dΠσ
0
(M2)
dM2 . The left-hand side of Eq.(8)
becomes m2σ in the narrow width approximation. In this
limit, m2σ is first plotted as a function of M
2 for dif-
ferent values of the threshold s0. From the plot with a
threshold that gives the most stable plateau, the mass
is determined from the value at the stable plateau re-
gion. We remind the reader that such analysis has to be
taken with the usual cautions as in any QCD sum rules
involving ratios of derivatives[34].
In the present analysis, we will determine not only the
mass but also the width, with the following prescription:
1. Fix a continuum threshold s0, typically 0.8 − 2.0
GeV2.
2. For each s0, calculate the Borel window M
2
min and
M2max by following the criterion that the power cor-
rections and continuum correction should be re-
spectively smaller then the theoretical side[24] by
certain fraction chosen as,
M2min :
Power correction
Total OPE sum
≤ 0.3− 0.4 (10)
M2max :
Pole contribution
Total OPE sum
≥ 0.3− 0.5 (11)
3. Compute the mass mσ by solving Eq. (8) numeri-
cally for each fixed Γ, which are varied from 0 to
500 MeV.
4. Plot mσ as a function of M
2 for each Γ, and de-
termine mσ and Γ that gives the most stable curve
within the Borel window.
Now let us discuss numerical results. We begin with
the n = 0 case corresponding to the local operator [25].
In Fig. 1, we plot mσ as a function of M
2 for various
widths with s0 = 1.6 GeV
2. We see that with Γ = 0, we
3can reproduce the result of Ref. [25], which shows a good
Borel stability and gives the mass of about 1 GeV. How-
ever, if we allow for a finite width, the stability is lost and
we can not conclude that there is a resonance with that
width. Therefore, it is quite unlikely that the physical
σ meson has strong coupling to the correlation function.
Instead, the stable Borel curve with small width seems to
suggest a stronger coupling to f0(980) or a0(980), which
are degenerate in the present calculation.
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FIG. 1: Local operator: mσ as a function of M
2 for various
widths with s0 = 1.6 GeV
2. Vertical dotted lines denote the
Borel masses at which continuum contribution becomes 30%–
50% and power contribution becomes 30%–40%, respectively.
For the non-local operator case with n = 2, numerical
analyses show that we can find a stable plateau with a
maximum in the Borel curves within the Borel window
for a wide range of the threshold parameter s0. The ob-
tained mass and width are mσ ≃ 350 − 950 MeV and
Γ ∼ 400− 500 MeV for s0 = 1.2 − 2.0 GeV2. In Fig. 2,
we show the result for s0 = 1.4 GeV
2. We find that the
Borel window is most stable and wide with the maximum
within the window for s0 = 1.4 ± 0.1 GeV2. It is very
important to have a stable region or the extremum point
within the Borel window. Otherwise, the sum rule loses
any predictive power and suggests that it is dominated
by the continuum. Even when s0 = 1.4 GeV
2, we can see
that such a stable Borel curve with a maximum appears
when we introduce a large width. This is in contrast to
the local operator case, and suggest that the the correla-
tion function is saturated with a resonance with a large
width. We note that the maximum Borel mass is deter-
mined from the condition that the continuum contribu-
tion is less than 70 %. Also, in this case, contribution of
the highest dimensional power correction (|〈q¯q〉|2) is al-
ways less than 10% within the Borel mass region shown
here.
Usually, meson sum rules are insensitive to the width.
An example being the vector meson sum rule; while the
OPE of the ρ and ω sum rule are identical their widths
are very different. On the other hand, our sum rules are
of higher dimensions than the vector meson sum rule.
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FIG. 2: Non-local operator: mσ as a function of M
2 for var-
ious widths with s0 = 1.4 GeV
2.
This means that the continuum contributes with higher
moments and that the sum rules are more sensitive to
the continuum values. This also means that the sum
rules are more sensitive to the width. If the sum rule
were of too high dimension, then the sum rule would be
dominated by the continuum and we could not obtain any
information about the pole or the width. What we have
shown is that for the sum rules at hand, the dimensions
are optimal such that the sum rules are sensitive to the
width but at the same time still dominated by the pole,
especially for the sum rule with non-local current.
To further check the consistency in our approach, it
would be useful to construct the three-point function
among the two-quark current with derivative and the two
pseudo-scalar currents, which will couple to the sigma
and the pions, respectively. The analysis of such a func-
tion will provide information for the σ-pi-pi coupling, from
which one could directly calculate the sigma width and
check the consistency with the present calculation. This
will be left as a future work. Another related work would
be to introduce an effective diquark scalar field in QCD
[40], construct the current for the sigma meson using the
diquark current, and then perform a similar QCD sum
rule analysis. The lowest dimensional current will not in-
clude a derivative as two quarks and two anti-quarks in
s-wave states will form a scalar meson in the constituent
quark model. The QCD sum rule analysis will be more
effective in concentrating on the attraction between the
scalar diquarks and thus more effective than the previous
QCD sum rule analysis using the four quark interpolating
field.
To summarize, we have investigated the σ meson in
QCD sum rules by using the non-local q¯q operator with
a covariant derivative. Such a choice of current was mo-
tivated by the fact that the wave-function is a p-wave
in a naive non-relativistic quark model. We have con-
firmed that with such a choice of current, the sum rule
is consistent with a strong coupling to the σ meson. We
note that it is necessary to take into account both the
4mass and the width simultaneously: If we set the width
to zero, we do not obtain the Borel stability at all. The
best estimate that gives the most stable plateau is with
a mass mσ = 550 MeV and Γσ = 400 MeV in the chiral
limit, which is the first theoretical prediction based on
a first principle QCD calculation. Our work also con-
firms that the σ has a large q¯q component. Therefore,
it would be interesting to try similar approach in lattice
calculation. There are several things to improve in the
future. First, in the present analysis, the I = 0 channel
(σ) and the I = 1 channel (δ) are degenerate. To lift
the degeneracy, we have to introduce higher dimensional
operators or effectively take into account such contribu-
tions through the instanton effect [35, 36, 37]. This is
so because single instanton configurations are known to
contribute to correlation function of scalar currents[38].
Moreover, a0(980) is expected to have a large tetraquark
component as has been shown in recent QCD sum rule
calculations[26, 27, 28, 29, 30]. Secondly, it is necessary
to take into account the αs correction to the perturbative
contribution and the corrections from the finite current
quark masses. Through such extension, we can inves-
tigate the whole scalar nonet, among which the κ(800)
meson is of great interest [8, 39]. Third, it would be inter-
esting to study the other p-wave mesons systematically
by using the non-local operator, as in Ref. [25].
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